ABSTRACT. A circular corrugated waveguide is considered as an electron accelerator, 'The dependence of phase velocity on frequency and guide dimensions is obtained analytically and is in close agreement with experiment. Tables have been computed for dtsigning accelerator tubes for any frequency and R.F. power. A Harvie, Mullett and Walkinshaw 1947). I t is our present purpose to describe in greater detail the theoretical analysis on which its design was based. Briefly, the accelerator tube consists of a circular waveguide propagating a wave with an axial component of electric field. Electrons, introduced in a monokinetic stream at the fed end of the guide, form bunches which "surf-ride" in an accelerating field and are maintained in phase with the wave by increasing the phase velocity at the same rate as the mean electron velocity. Ordinary laboratory waveguides cannot be used for this purpose, since their phase velocity is always greater than the velocity of light, but by making deep corrugations in the outer wall magnetic energy can be stored, and it is thus possible to decrease the phase velocity of the wave in a manner analogous t o inductive loading of a transmission line in a delay network.
s H o R T account of an experimental section of a travelling wave type of linear accelerator for electrons has been given in a recent paper (Fry, A Harvie, Mullett and Walkinshaw 1947). I t is our present purpose to describe in greater detail the theoretical analysis on which its design was based. Briefly, the accelerator tube consists of a circular waveguide propagating a wave with an axial component of electric field. Electrons, introduced in a monokinetic stream at the fed end of the guide, form bunches which "surf-ride" in an accelerating field and are maintained in phase with the wave by increasing the phase velocity at the same rate as the mean electron velocity. Ordinary laboratory waveguides cannot be used for this purpose, since their phase velocity is always greater than the velocity of light, but by making deep corrugations in the outer wall magnetic energy can be stored, and it is thus possible to decrease the phase velocity of the wave in a manner analogous t o inductive loading of a transmission line in a delay network.
A first design requirement is a sufficiently accurate theory relating the phase velocity of the wave to the radio-frequency and the geometrical parameters of the corrugated guide. This is carried out and a most satisfactory agreement is found between theory and practice : for example, low power measurements made by Mullett and Loach (1948) at 3000 Mc/s. on a two-metre length of corrugated guide have shown a phase error of 18" at the end of the section; that is, an error of one part in four hundred in phase velocity. An account of this theory is given in 0 2; numerical data are given in $ 3 for the design of accelerator tubes.
Electrons are injected with an initial velocity considerably less than the velocity of light. The phase velocity of the wave is then increased slowly with distance at a rate depending on the available peak accelerating field. The mean acceleration rate must always be less than this peak accelerating field or the electrons fail to form stable bunches. T o keep the accelerator length as short as possible some compromise must be made between the fraction of electrons trapped in the wave and the rapidity of the acceleration process. An analytical treatment of this part of the design will be found in $ 3.
U N I F O R M C O R R U G A T E D W A V E G U I D E

Frequency equation
Our purpose is to excite a travelling wave which has a phase velocity less than the velocity of light and an axial component of electric field. Let us examine therefore the simplest type of wave which has these properties, that is, a circularly symmetrical solution of the electromagnetic field equations with axial and radial components of electric field and a circular magnetic component. Thus we get (Stratton 1941) 
where p , 4 and z are the u'sual cylindrical coordinates, 2, is the intrinsic impedance of free space, k is the wave number = %/free space wavelength, x and /3 are the components of the phase constant in the p and z directions respectively and When / 3 <k, the phase velocity of this wave is greater than the velocity of light ; x is real, and from the properties of the Bessel function for real argument E, has a maximum at p = 0 and varies in the usual sinusoidal fashion with increasing p. This is the type of solution familiar in ordinary laboratory waveguides in which the boundary surface coincides with a zero of E,.
In the present application to electron acceleration the phase velocity is required less than the velocity of light; that is, P>k. x is now imaginary and in accordance with the properties of the Bessel function for imaginary argument, E, increases monotonically with increasing radial distance. It is apparent that a wave of this type cannot be contained within an ordinary smooth metallic surface. Examination of the radial field impedance, however, indicates the type of boundary surface which is required.
The field impedance is
When x is imaginary this impedance is an inductive reactance for all values of p. Now, an inductive boundary surface can be simulated by making deep corrugations in a metallic surface to stop the axial energy flow in that region. Reactive energy is then stored inside the deep corrugations and by a suitable choice of depth any desired value of reactive impedance can be presented at the corrugation mouths.
T h e simplest type of wave which can exist inside each corrugation has an axial component of electric field and circular component of magnetic field. In other words the corrugation has the appearance of a short-circuited radial transmission line and will present any desired reactance at its mouth depending on its depth.
Let us now derive the relationship between guide dimensions, phase velocity and frequency. A crude approach, which is qualitatively accurate for guide wavelengths long compared with the corrugation width, assumes the field in the axial region given by equations (1) and equates the impedance derived in (2) to the impedance looking into the corrugation at its mouth. This appr6xi-mation was first used by Cutler (1944) .
A better approximation can be obtained, however, if we are able to make a sufficiently accurate estimation of the variation of tangential electric field at the mouths of the corrugations. It is found subsequently that the relationship between frequency and phase velocity is not critically dependent on this choice, hence a reasonable estimate of this field leads to a solution of high accuracy. We have therefore assumed the tangential field across the mouth of the nth corrugation at p = a to be El= {C exp( -iPonD)}/(l -(ZA&)~}*, . .
. . . (3)
and zero over the intervening metal walls. The symbols used have the following significance : a = radiu's of inner boundary of guide, b = radius of outer boundary of guide, D = corrugation pitch, i.e. distance between centre of corrugation walls, d = width of corrugation mouth, Bo = 2n/Au, where A, is the guide wavelength.
x, is measured from the centre of the nth corrugation. Now the general circularly symmetrical solution in the axial region of the guide must be represented by summation of solutions of the form derived in (1) by giving / 3 (or x) all possible values. But we see from (3) that the phase change per corrugation width is POD, hence , B can only take the values given by
.
..... (4)
The complete solution for the field for p <a is therefore
Bm is given by (4) and k2=/3&+x$ the usual manner of Fourier analysis such that, at p = a, E, is given by (3).
The coefficients A,, are found in That is
Substituting this value for the coefficients in (5) gives the complete field in the region p<a, in accordance with the assumption made in (3). We now turn our attention to the fields inside the corrugations. A similar analysis might be carried out to obtain a series solution for this field. Since, however, the corrugation width is small compared with the free space wavelength in the present application, only the transmission line mode is of any consequence ; hence the fields in the nth corrugation are to a sufficient degree of accuracy given by
where B = Cn/2Fo(ka),
and b is the radius of the outer surface of the guide.
The required frequency equation is now obtained from the condition that the magnetic fields given by (5) and (7) must match at their common boundary.
Since this can be done accurately at only one point in the corrugation mouth we equate the magnetic fields averaged over the opening. This results in the frequency equation This is the required relationship between guide dimensions, wave velocity and frequency and.we sh'all discuss its accuracy later. Let us return now to a qualitative description of the physical implications of the foregone analysis.
T o our approximation these are simple radial transmission line solutions with a constant phase shift in the field between adjacent sections. Since an inductive impedance is required at the corrugation mouth the depth must be slightly less than an effective quarter-wave transmission line.
I n the axial region of the guide, the field is given qualitatively by the first term (nt=O) of the series given by ( 5 ) ) when the phase change of the field per corrugation is large. For phase velocities less than the velocity of light, the field in the inner region is concentrated close .to the corrugation mouths, falling off towards the guide centre in exponential fashion in the nature of a surface wave. For the acceleration of slow particles this is an undesirable feature of the corrugated guide. Of particular interest for electron acceleration is the case when the phase velocity equals the velocity of light. Then B= k and making x + O reduces (1) to
Theoretical design of linear accelerator for electrons
The fields inside the corrugations require no further elucidation.
The axial electric field is then independent of its distance from the guide centre. It is also of interest to note that the impedance of this wave is equal to the intrinsic impedance of free space, that is, the wave impedance of a plane wave in free space.
As in unloaded waveguides, there is a low frequency cut-off which is approximately equal to the cut-off for an ordinary guide having a radius equal to the outer radius of the corrugated guide. I n addition there is also a high frequency cut-off which is peculiar to transmission systems having a periodic structure. In general the higher components of the field given by (5) are only important close to the corrugation mouths. However, when the frequehcy is increased the phase velocity decreases until ultimately the phase change per corrugation width is 180". = -& or, in other words, a standing wave is produced in the guide. For a travelling wave system it will be necessary to use a sufficient number of corrugations per wavelength to av,oid this resonance condition.
Experinzental check of frequency equation
The theoretical analysis described above was carried out in conjunction with an extensive investigation of corrugated guides by Mullett and Loach (1948) . For a detailed comparison of theory and experiment reference should be made to their paper, Suffice it to say here that approximations of varying degrees of accuracy were examined and discarded in favour of the above theory, which wa~+ considered sufficiently accurate (Harvie 1948) foi design purposes.
From (4) we see that 2.3. Axial field at guide centre So far our analysis has given a satisfactory solution for phase velocity. EquaI accurate estimate of Assuming for the moment that only the in importance, in the design of an accelerating tube, is the axial field at the guide centre.
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W. Walkinshaw fundamental component (nt = 0) is of importance, the Poynting vector for the -power flow can be integrated in the normal way acro'ss the inner cross-section of the guide. We get for the axial field at the guide centre This is shown in figure 1 as a function of phase velocity for various values of inner radius. I t will be noticed that as the phase velocity is decreased the field at the centre also decreases because the major portion of the power flow then takes place in the region near the mouths of the corrugations. For the same reason the power flow due to the higher components of the field is only important close to thv corrugations. A rough calculation has shown that for a guide of inner radius 0 2h, with ten corrugations per free space wavelength and a phase velocity 0 4 times the velocity of light, approximately 98% of the power is carried by the lowest component (nz = 0).
The field at the centre of ;he guide i s therefore given to a sufficient degree of accuracy by (9) for guides likely to be used for linear accelerators.
When the phase velocity is equal to the velocity of light, (11) reduces to Equations (9) and (11) are the basic equations, which we shall use in later E,, = (480 W)*(h/na2).
. . . . . . (12)
sections for design purposes.
$ 3 . D E S I G N O F L I N E A R A C C E L E R A T O R T U B E
Motion of electrons in travelling wave
We now turn our attention to the motion of electrons injected into a travelling wave, in particular, we consider the early stages of an accelerator when the electron velocity is appreciably different from the velocity of light, We recall that it is our intention to introduce electrons into the travelling wave and increase the phase velocity in such a way that stable bunches of electrons are formed slightly in advance of the peak accelerating field. In general the equations of motion for an electron inside a circular corrugated guide are insoluble, but in order to arrive at suitable design data for the variation of phase velocity along the accelerator, we shall assume that electrons are constrained to the axis. In fact electrons bunch at a position of radial defocusing and a paraxial magnetic field is required to confine the electrons to the axial region. T h e coil design for this field has been carried out by Harvie (1948) and will not be discussed here.
I t is instructive to consider first the simple case of an electron in a travelling wave with constant phase velocity. The equation of motion for the constrained electron of chargz e is
d(nz.i)/dt= -Ee sin(jx -ut)
where nt= relativistic mass of particle, /3 = 2rJguide wavelength, w//3 = phase velocity of wave, E = amplitude of electric field. Multiplying either side of ( l 3 )
by ( z -U/@ and integrating with respect to time t gives the energy equation 
. . (15)
where EL =sum of rest and kinetic energies, E,=rest energy, y = x -.wt/j ; py is the phase of the particle relative to a position of constant phase in the travelling wave where the field is zero.
The cosine term on the right-hand side indicates that the variation of.energy with phase is periodic. Those electrons injected with a velocity approximately equal to the wave velocity subsequently oscillate around a stable phase position of zero field. Fast electrons progress continuously forward whilst slow electrons fall continuously backwards. I n neither of these cases does an electron gain any energy per cycle. I n order to do this it is necessary to start the wave off with a velocity almost equal to that of the injetted electrons and slowly increase its phase velocity. The stable phase position now falls back towards the peak of the accelerating field, its position depending on the mean rate at which the electrons are accelerated. Let us suppose then that the phase velocity of the wave is increased in such a way that an electron injected at a phase -A, say, is maintained at this phase throughout its subsequent motion. That is, if the amplitude of the field is constant, this electron is accelerated by a constant field E sin A. Its energyequation is therefore nzc9 = Eez sin A f constant. This relationship gives the required phase velocity of the wave, which is of course equal to the velocity of this electron. This is demonstrated by a typical case in figure 2. . . . . . . amplitude of the wave is 0.18 MV. per free space wavelength and the stable phase position is 45" in advance of the peak accelerating field. The corresponding variation in velocity of these electrons is shown in figure 3 (6) . Those electrons entering near the stable phase position oscillate with decreasing amplitude as their energy increases. If, however, an electron is introduced too far in advance of the stable phase, as for example the electron initially at 180°, it fails to receive sufficient energy for it to be trapped by the wave. Only those electrons initially between -135" and roughly 60" are raised to higher energy levels with a mean velocity equal to that of the wave. It is apparent that, if the stable phase position had been-close to the peak accelerating field, the mean rate of acceleration would be greater, but fewer electrons would be trapped.
Length of tapered section
For energies above one or two megavolts, equation ( For high energy accelerators E A is likely to be at least 1 MV., hence tapering of the tube can cease for electron energies above 3 MV. without fear of serious phase slip.
Numerical design data
Equations (9), (11) and (16) are the basic equations which we shall now use to obtain numerical data for designing accelerator tubes. It will be noted that the amplitude of the wave at the guide centre has been assumed independent of distance in the previous section. We see from equation (1 1) or figure 1 that this can only be achieved for different phase velocities by varying the inner radius .of the guide. In the following table guide dimensions are given as a function of phasevelocity suchthat the field at the centre is 175 kv. per free space wavelength for a transmitted power of 1 MW. For a phase velocity equal to that of light the inner radius is the 0.2 times the free space wavelength. The above table can be used to design an accelerator tube for any arbitrary power and any chosen variation of phase velocity with distance. In particular the 40-centimetre tapered guide described in a separate paper (Fry, Harvie, Mullett and Walkinshaw 1947) was constructed on the assumption that a power of one megawatt was available, and such that the stable phase was 45" in advance of the peak accelerating field. The dimensions of this guide are easily obtained from (16) in conjunction with table 1, and we shall not give these in detail. The i predicted behaviour of the electrons in this guide has already been shown in figures 3 (a) and 3 (b) . The first of these is for a guide differing from that just discussed in corrugation pitch and wall thickness and subsequently in corrugation depth. The inner radius is the same, that is, 0.2 times the free space wavelength for a phase velocity equal We shall conclude this section with two other tables similar to table 1.
to the velocity of light and such that constant peak field is maintained at the guide centre for other phase velocities. The final table is for a high peak field accelerator. Harvie (1948) has shown that the efficiency of the linear accelerator increases with decreasing inner diameter. Engineering tolerances and frequency sensitivity of the guide set a limit to its smallness, but experience has shown that a smaller radius than 0.2 times the free space wavelength for a phase velocity equal to that of light can be used. The following table is for a guide which has a peak accelerating field of 500kv. per free space wavelength per megawatt transmitted power. The efficient length of a single section of this accelerator tube at a frequency of 3000 Mc/s. is likely to be of the order of two metres. 
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